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Sizing Finite-Population Vehicle Pools
Tommy Carpenter, Student Member, IEEE, Srinivasan Keshav, Member, IEEE, and Johnny Wong

Abstract—We refer to a vehicle pool as a number of vehicles at a
single location used for the same purpose. We focus on the problem
of sizing vehicle pools for a finite set of subscribers who can use
the pool. Our goal is to minimize the number of vehicles in the
pool while still meeting nearly all subscriber requests. Formally,
we propose three analytical techniques to size a vehicle pool for a
finite population of subscribers, according to the pools’ busy period
demand to guarantee all requests are served with probability
1 − , i.e., a quality-of-service (QOS) guarantee. Moreover, we
propose an additional heuristic sizing method, which requires no
prior data about pool demand. Although this method does not
provide probabilistic bounds on QOS, we show in practice that it
still achieves a high QOS. We evaluate our sizing methodologies
using seven years of data from a local car share, using three
performance metrics: availability (percentage of requests served),
utilization (the percentage of time that vehicles in the pool are used)
and member-to-vehicle ratio (the size of the pool relative to the size
of its user population). We show that our methods perform well
with respect to these metrics.
Index Terms—Car shares, electric vehicles (EVs), optimization,
queueing theory, transportation planning.

I. I NTRODUCTION

C

ONSIDER the following three problems. First, suppose
that a battery electric vehicle (BEV) dealer wishes to offer
its customers an internal combustion vehicle (ICV) to use for
long trips. How many ICVs will the dealership need for these
customers? Second, suppose a car share wishes to size their
fleet, such that customers are provided with a high quality of
service (QOS) and high vehicle utilization (underutilized vehicles reduce profits). What is their optimal fleet size? Finally,
suppose a private (not publicly accessible) parking lot is to be
sized; how many spaces should it have?
These sizing problems have several factors in common:
1) The pool of resources (cars or parking spaces) has a finite
population of subscribers, e.g., those allowed to use the
pool. That is, there is a limited number of people from
which resource requests can be generated.
2) The pool should be sized, so that the probability that any
subscriber request is met exceeds 1 − .
3) Demand for the pool vehicles is nonstationary, i.e., varying with time. Vehicles are most commonly used during
the day, and moreover, there may be holidays during
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which the demand for vehicles is much higher than the
rest of the year (first two problems) or not at all (third
problem).
As we discuss in Section II, limited work has been dedicated
to this important problem. While busy period sizing has been
studied extensively in the context of infinite-population systems, we are not aware of any prior work which incorporates
busy period sizing into finite-population systems. Thus, this
is the first work to size a finite-population vehicle pool, with
respect to its busy period demand.
Our work is primarily motivated by the first problem. To
give an idea of the importance of this problem, several studies
find that “range anxiety”—BEV owners’ fear of depleting their
battery before reaching their destination—remains a critical
barrier to BEV adoption [1]–[6]. While these studies show that
current BEV specifications suffice for the majority of drivers’
needs, because BEVs have limited battery range, they are not
capable of completing long trips, which worries potential BEV
owners. Three solutions have been proposed to address this
problem: battery switching, widespread fast electric vehicle
(EV) charging outlets, and larger BEV batteries. Battery switching stations, i.e., stations where depleted batteries are replaced
in minutes with charged batteries, may pose a long-term solution to the limited range of BEVs but will be initially sparsely
deployed because of their large initial cost of ≈ 500 000 [7].
Publicly available fast-charging outlets would allow owners to
charge their BEVs quickly during trips. Unfortunately, although
overnight charging presents the least burden on the electrical
grid, most driving is done during the day [1], [8]–[11]. Finally,
the most expensive component of a BEV is its battery. EV
batteries currently cost $400–$500/kWh [1], [12], but each
kilowatthour adds only ≈ 5 km of range [13], [14]. Increasing
the size of EV batteries is, therefore, an expensive solution to
this problem.
Recently, BMW [15] has offered a simpler solution: they
suggest that dealerships reserve a portion of their unsold ICVs
for BEV customers. When in need, BEV owners can use an ICV
from the pool for their trip. However, the problem of sizing such
pools remains.
Our three main contributions are the following:
1) We give three analytical techniques to size finitepopulation pools subject to a given QOS (see Section III).
2) We give one method to heuristically size a finitepopulation pool that requires no data (see Section IV),
and show that it still provides a very high QOS.
3) We numerically evaluate all four sizing methods using data from a large Waterloo-based car share (see
Section V). We find that our sizing methods allow for
high vehicle availability and reasonable (with respect to
current practice) vehicle utilization and pool sizes.
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II. P ROBLEM F ORMULATION AND R ELATED W ORK
The problem of sizing a vehicle pool is simple to formulate
(but difficult to solve). The pool should be the minimal size,
such that the probability that a subscriber submits a request that
is rejected, i.e., there are no pool vehicles available, is less than
an advertised QOS . This sizing problem is hard to solve due to
nonstationary demand from the finite population. Busy period
sizing, i.e., sizing a system according to the period of highest
demand, has been studied extensively in the case of infinitepopulation systems, such as telephone networks [16] and the
electrical grid [17]. However, we are the first work to size finitepopulation systems with nonstationary demand.
We briefly make a note about advance reservations. Many
car shares allow their subscribers/customers to reserve a vehicle
for a predetermined period of time. Our sizing methods can be
used whether subscribers make reservations for pool vehicles or
simply show up to the pool. In the former case, the pool should
be sized, such that the probability that a reservation cannot be
made or held is less than .
There are few research efforts dedicated to mathematically
sizing parking lots or car shares based on their expected usage. Parking lot sizes are restricted by real estate availability,
budgets, and municipal sizing laws based on the occupancy of
the accompanying building(s). It may also be hard to judge
the demand for a parking lot before it is built. Moreover, car
shares are sized according to company economics, and private
companies often do not wish to disclose their business model.
We are aware of only two relevant papers in this space.
Hampshire and Gaites [18] present the closest related work; the
authors focus on the sizing and profitability of a peer-to-peer
vehicle sharing service. However, their sizing algorithm makes
two assumptions that do not apply to our problem. First, the
authors assume that the arrival of subscribers to car shares is
stationary. It is not, particularly near major holidays, i.e., some
car shares even have higher rates during peak periods [19].
Thus, much of our work deals with sizing according to busy
periods. Second, the authors assume that the population of
subscribers is infinite. We instead focus on smaller pools that
cannot be approximated with an infinite-population model.
Arbatskaya et al. [20] discuss sizing a parking lot gametheoretically. They study the utility and disutility of (not)
finding a parking space, and modeling the welfare to drivers
spending time competing with others for remaining parking
spaces. While the authors show several interesting analytical
results, their sizing algorithm is not applicable to our problem.
The authors size lots to maximize game-theoretic objectives,
using factors such as drivers’ disutility in arriving early to
increase their chance of finding a space and the competition
(game) between multiple drivers. We instead focus on sizing pools, such that a randomly arriving subscriber is served
according to a QOS. Moreover, the authors find that, gametheoretically, the size of the lot should be equal to the number
of drivers who use the lot, which is infeasible in practice.
Some of our sizing methods requires knowledge about the
pools’ expected utilization, i.e., how often and when subscribers
will make requests. Several studies have attempted to measure
drivers’ mobility patterns to determine how often and how far
drivers commonly drive their own vehicles [21]–[23] or car

share vehicles [24]–[27]. These mobility analyses help estimate
pool demand.
Reports, detailing the utilization, the member-to-vehicle
(M2V) ratios, and the QOS of existing car shares [19], [26],
[28]–[32], are used as baselines for our evaluation results (see
Section V-B).
While we do not discuss the problem of pool pricing in this
paper, several authors have studied the economics of parking
lots [33]–[38] and car share subscriptions [18], [19], [28], [39].
III. S TATISTICALLY S IZING A P OOL S UBJECT TO A QOS
We provide three analytical sizing techniques subject to a
QOS, based on information about the subscribers’ mobility patterns. We give a binomial-based sizing method in Section III-A,
which only requires knowing the average number of times per
year the average subscriber will arrive. We give a queueingtheory-based algorithm in Section III-B, which requires knowing, on average, how often subscribers need vehicles and how
long they need them for. Finally, we give a different queueingtheory-based method in Section III-C, which requires a data set
tracking the arrival times of subscribers. Throughout this section, we use the term loss probability to denote the probability
that a random subscriber arrives to an empty pool, given the
pool has size m vehicles, and denote it by p(b|m). Here, we
assume that the goal is to size the pool, such that p(b|m) < .
A. Binomial-Based Sizing
Our first analytical technique is based on the binomial distribution, which can be used to conservatively size a pool with
limited data about the subscribers. Consider a pool on a given
day. Assume that all subscribers in need of a vehicle travel
to the pool at hour h and will return their vehicle before h
the following day. These two assumptions mean that the same
vehicle cannot be reused multiple times a day and no vehicle is
used for multiple days in a row. We want to find m, such that
p(b|m) < . Let
• p(a) be the probability that a subscriber arrives on a given
day. In this conservative sizing method, we assume that all
subscribers are independent.
• S is the total number of subscribers.
• m is the number of vehicles in the pool.
•  is the QOS.
The probability that exactly k subscribers arrive is given by
 
S
p(k) =
p(a)k (1 − p(a))S−k .
k
If exactly k subscribers arrive, p(b|m, k) is given by

0,
if k ≤ m
p(b|m, k) =
(k − m)/k, otherwise.
Thus, given S subscribers, the probability that a random subscriber finds an empty pool is given by marginalizing out k, i.e.,
p(b|m) =

S


p(b|m, k)p(k).

(1)

k=0

Equation (1) gives p(b|m) for a fixed m; an algorithm is
given in Section III-D to optimize m.
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B. Sizing via the ELM
Pools can be sized using the Engset Loss Model (ELM),
which is known in Kendall’s notation as the GI /GI /m/m/S
queue. We treat arriving subscribers as jobs arriving to a queueing system. We further treat vehicles in the pool as parallel
servers that serve incoming jobs. Each job (subscriber) that
arrives receives dedicated service from one server (takes a
vehicle) until the job is processed (the subscriber brings back
the vehicle). We assume that subscribers will not wait in an
empty pool; thus, there is no buffer in the system. Finally,
there are only a finite number of sources from which jobs
can be generated, i.e., the pool subscribers, giving us a finitepopulation model. Thus, we have a G/G/m/m/S system, i.e.,
a variant of the ELM.
1) Model Requirements: As done in Section III-A, we wish
to size the pool with m vehicles, such that p(b|m) < . We
derive p(b|m) for the ELM, as follows. When a subscriber
is borrowing a vehicle, we say they are in the service state
and remain in this state, on average, for their mean service
time (MST), i.e., the average duration they need a vehicle
for. After finishing service, the subscriber enters the thinking
state and waits on average their mean think time (MTT), i.e.,
their average duration between completing service and their
next request. The ELM requires that all subscribers’ think
times be independent identically distributed (i.i.d.) according
to an arbitrary distribution Gtnk with mean 1/λB , and that all
subscribers’ service times be i.i.d. according to an arbitrary
distribution Gser with mean 1/μ. That is, all subscribers have
the same MTT and MST and, moreover, that these are invariant
over time. In Section III-B6, we show results for p(b|m), which
is a function of these two means.
Our sizing problem violates these two requirements. First,
we have heterogeneous subscribers with different MTTs and
MSTs. Moreover, we expect the pool to have busy periods, i.e.,
MTTs are not invariant to time. We deal with these violations
in Section III-B2 and B4, respectively.
2) Modeling the Average Subscriber: Our key idea is to
model a heterogeneous population of subscribers by modeling
the average subscriber. For this sizing method, we assume
that the following data can be collected from each subscriber
s = 1, . . . , S:
• s’s MTT 1/λs. Their mean think rate (MTR) is given by λs.
• s’s MST 1/μs . Their mean service rate is given by μs .
• p(s, B) is the probability that s arrives during a busy
period.
These data can be collected from subscribers using customer
surveys of the form “how many times per year will you need a
vehicle?”; “how long are you likely to need it for?”; and “will
you arrive during any of [these] busy times?”
3) Assumptions: We make and justify four assumptions.
• We assume that a weighted average of all subscribers’
MTTs (see Section III-B5) is a good estimate of 1/λB .
In the ELM model, only the mean of Gtnk (not the distribution of think times) is needed to compute p(b|m); hence,
our assumption that subscribers are identically distributed
according to Gtnk simply means that this weighted average is a good estimate of 1/λB . Moreover, subscribers’

Fig. 1. Example arrival-time distribution over one day.

think times are likely independent because each has their
own mobility patterns and vehicle needs; hence, think
times are independently drawn from Gtnk . Thus, think
times are i.i.d. according to Gtnk .
• We assume that a weighted average of all subscribers’
MSTs is a good estimate of 1/μ. We further hypothesize
that the duration for which subscribers need their vehicles
and the times they return their vehicles are independent.
Thus, service times are i.i.d. according to Gser .
• The derivations of 1/λB and 1/μ in the following section
assume that subscribers arrive at the pool at most once during each busy period. Since the busy period is a number of
hours each day, or a day/weekend each year, it is unlikely
that a subscriber will rent multiple times within one period.
• We assume that p(b|m) is the same for all subscribers
and is given by steady-state results for the ELM given
later in this section. This assumption follows from our
methodology of modeling the average subscriber.
4) Nonstationarity and Busy Period Sizing: We now deal
with the issue that subscribers’ think times may decrease near
busy periods; hence, think times are not stationary. A sizing
technique known as busy period modeling allows us to remove
this temporal correlation. The idea is to assume that the MTT
during the busiest period, i.e., 1/λB , always holds [40], [41].
The benefit of this assumption is as follows. Suppose the
probability that subscriber s arrives to a pool at a particular time
on a day is shown in Fig. 1. If many subscribers followed the
same distribution, clearly [8 A . M ., 9 A . M .] would be a busy
period for the pool compared to the rest of the day. However,
within this hour, as shown in the boxed region, the distribution
is approximately uniform, e.g., subscribers who arrive during
this busy period are equally probable to arrive at any time.
That is, within the busy period, arrival times are approximately
independent; hence, by assuming that it is always the busy
period, arrival times are independent, and we have a stationary
queueing system.
There are two busy-period-sizing methodologies. First, one
can size the system according to the historical single busiest
period of a defined length. The electrical grid, for example, may
be sized according to the highest electrical demand during one
hour ever recorded. A data set is needed to use this approach;
see Section III-C. Alternatively, one can size the system according to the average demand during recurring busy periods.
For example, a teletraffic network may be sized according to
the call rate during all 5–6 P. M . periods. Here, we estimate the
MTT during the average busy period, not the historical single
busiest period.

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.
4

IEEE TRANSACTIONS ON INTELLIGENT TRANSPORTATION SYSTEMS

Within this sizing methodology, there are two further options.
We can size the pool according to a daily busiest period of K
hours or a yearly busiest period of K contiguous days. For both
options, the probability that subscriber s arrives during any busy
period B, p(s, B), is derived in the following section.
5) Deriving Sizing Parameters: Here, we use the following
notation:
• AB denotes the arrival rate of pool subscribers during B,
i.e., one of the pools’ busy periods.
• cs = 1/λs + (1 − p(b|m))1/μs denotes subscriber s’s
mean cycle time, i.e., the mean time between s’s requests,
since, on average, they think for time 1/λs and then
receive service for time 1/μs , at which point they begin
thinking again. With probability p(b|m), s is blocked and
does not receive service and immediately goes back to
thinking.
• ωs = 1/cs represent s’s cycle rate, i.e., the “rate” at which
they arrive, which represents how active a subscriber s is.
• nB denotes the number of subscribers that arrive to the
pool (including those blocked) during busy periods.
• K is the length of busy periods given as input in
Section III-B4.
• τ denotes the percentage of time that the pool is in a busy
period (based on K), which is given as input.
Consider the probability that subscriber s arrives during any
busy period, i.e., p(s, B). We first examine the case where there
is a recurrent daily busy period. Which period of the day is
busiest can be computed through customer surveys. We assume
that the pool implementer breaks up a day into a set of arbitrarylength chunks, which we denote by K. We define ts to be the
probability that a given arrival by s occurs during each chunk
of the day. This can be derived from a subscriber survey of the
form “on a day you need a vehicle, how likely is it that you
arrive during [chunk 1], . . . , [chunk|K|].” We stress that ts does
not give the probability that subscriber s arrives during each
period of each day, but rather the probability that a given arrival
occurs during each period. We estimate the busiest period,
by finding the weighted average probability that a subscriber
makes a request during each period, and then find the maximum
of these probabilities over all periods, i.e.,


S
i=1 (ωi ti [k])
.
B = arg max
S
k∈K
j=1 ωj
To estimate p(s, B), i.e., the probability that s arrives during
any busy period, we assume that the probability that s arrives on
any given day is uniform and given by ωs , but take into account
the nonuniformity over time of day, i.e.,

implementor can simply ask “out of the X times you expect to
need a vehicle per year, how many do you expect to be during
[busy block of days]?”1 Then, p(s, B) is given simply by the
answer divided by X.
Next, we derive nB , i.e., the number of users expected to
arrive to the pool during any given busy period. We simply
weight an arrival by each subscriber s by p(s, B), i.e.,
nB =

(2)

If we instead wish to size the pool according to the busiest
contiguous block of days over the year, we assume that the
pool implementer knows the period they wish to size for, e.g.,
“Mother’s Day weekend.” Without a data set, too much information would be needed from subscribers to estimate which day
of the year would be the busiest; hence, we assume that the pool

p(s, B)1.

(3)

i=1

We first derive 1/μ as it is used to compute 1/λB . Because
service times are unaffected by busy periods, to derive 1/μ, we
simply calculate a weighted average of subscribers’ MSTs, i.e.,
S
1
1
i=1 ωi μi
= S
.
(4)
μ
j=1 ωj
We use the following rationale to derive 1/λB : the effective
arrival rate of subscribers to the pool during busy periods
is equal to the number of subscribers that arrive during the
busy period divided by the length of the busy period. In our
terminology, this is written as
nB
.
(5)
AB =
K
Suppose we know the MTT of all users during the busy period,
i.e., 1/λB . Then, AB is also given by


 
1
1
AB = S
.
(6)
=S
1
1
cB
λB + (1 − p(b|m)) μ
That is, if 1/cB represents the average cycle time of each
individual subscriber during busy periods, then we expect
S/cB to arrive each time unit. By combining (5) and (6),
we get
1
λB

1
S
nB
SK
1
1 = K → λ = n −(1 − p(b|m)) μ .
+ (1 − p(b|m)) μ
B
B
(7)

Note that we compute 1/λB by assuming a value for p(b|m)
and for a fixed m. In the following section, we give results
for p(b|m) for a fixed m by assuming 1/λB . We then give an
iterative system to solve for both parameters in Section III-B7.
6) Blocking Probability: Using the ELM, the probability
that all m vehicles are being used is given by
S

p(b|m) = mm

ρm

S
i=0 i
S

p(s, B) = ωs ∗ ts [B].

S


m
= m

ρi

,

ρ=

1/μ
1/λB

ψ m (1 − ψ)S−m

S
i=0 i

ψ i (1 − ψ)S−i

,

(8)

ψ=

ρ
. (9)
1+ρ

Equation (8) is the Engset distribution [16], [42], [43]. It is
equivalent to (9), which is a truncated binomial distribution
1 This can be easily generalized to the case where the pool implementor has
knowledge that one of a few busy days or weekends will be the busiest, but
needs to survey customers to determine which is actually the busiest.
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[16], [43]. The variable ψ is known as “offered traffic” and is
a measure of how busy the queueing system is (closer to one
is busier). Unfortunately, both (8) and (9) become numerically
S
becomes too large to
unstable as S and m grow because m
compute with. Instead, we calculate p(b|m) using the numerically stable approximation [16]
 ρ·(S−m+1)·p(b|m−1)
p(b|ρ, S, m) = m+ρ·(S−m+1)·p(b|m−1) , if m > 0 (10)
1,
if m = 0.
7) Blocking Probability Iteration Algorithm: Note that (7)
finds 1/λB , assuming a value for p(b|m), and (10) finds p(b|m),
assuming a value for 1/λB . We now give an iteration algorithm
to compute p(b|m) for a fixed number of servers m and a
desired accuracy σ:

Algorithm 1: Compute p(b|m)
1: Inputs: S, m, σ
2: Compute 1/μ using (4)
3: set k = 0, p(b|m)(k) = 0.5
4: do
5: Compute (1/λB )(k) using p(b|m)(k) and (7)
(k)
6: Compute p(b|m)(k+1) using 1/λB , 1/μ, and (10)
7: k + +
8: while (|p(b|m)(k+1) − p(b|m)(k) | > σ)

5

calculate the arrival rate during the busiest segment seen in the
data set, i.e.,


q+j−1
q−1
Hi
i=j
i=0 Hi
AB = max A0 =
, . . . , Aj =
, . . . . (11)
K
K
It is straightforward to compute 1/μ from the data set; we
simply average the duration of all requests. Then, we compute
1/λB from (6); we do not need (5) or (7) because AB is known.
Equation (6) is iterate with (10) to obtain a pairing of p(b|m),
1/λB for a given m.
We note that, if the goal is to obtain the most conservative
sizing by finding the highest MTR observed during a period (or
conversely, the lowest MTT observed), the data set should be
examined at the finest granularity possible. That is, finding the
MTR using chunks of a larger size will never be higher than the
MTR found using chunks of a smaller size. This can be proven
as follows. Let S be an arbitrary period of time. Suppose we
divide S into c equally sized smaller periods. Denote the MTR
during period i as λi . We have
c
c(maxi=1,...,c λi )
λi
λS = i=1
≤
≤ max λi .
i=1,...,c
c
c
As with the previous section, this iteration gives p(b|m) for a
fixed m; an algorithm is given in Section III-D to optimize m.
D. Optimizing the Number of Cars

We stop when p(b|m) changes between two iterations by less
than σ, i.e., our desired accuracy. This iteration gives p(b|m) for
a fixed m; an algorithm is given in Section III-D to optimize m.
C. Data-Set-Based Sizing
If a data set gives 1) the times at which all requests are made
and 2) the duration of all requests, it can be used to obtain
more accurate sizing than the one given in the previous section.
Tracking which subscribers make the requests is not needed.
This is because we cannot compute ρ directly whether the data
set keeps track of which subscribers arrive at which times.2
Instead, we estimate their MTR during busy periods, as done in
the previous section. However, a data set allows us to directly
measure AB , as well as 1/μ, leading to more accurate sizing
since fewer approximations are made.
Suppose the granularity of the data set is H hours, i.e.,
suppose it is possible to measure the arrival rate during a period
of H from the data set. Let K = qH, where q is an integer
that represents the length of the segment the pool is to be sized
for (the historical single busiest period of duration K, which
must be some multiple of H), and Ai represents the arrival
rate during each segment of length K. Suppose the data set is
divided into n segments. We use a sliding window approach to
2 If

it does not, we cannot calculate an MTT or an MTR because it is
unknown which arrivals correspond to which departures. Even if it does, the
same user does not arrive and depart multiple times within one busy period
(they may arrive but then return the vehicle after the busy period); thus, we
cannot calculate the average subscribers’ cycle time within busy periods.

Section III-A–C give three different methods of computing
p(b|m) for a fixed number of vehicles m, depending on what
data are available. We use Program 1 to size pools, given these
three sizing methodologies. Objective (12) is to minimize the
number of vehicles (m) in the pool. Constraint (13) ensures
that m is large enough to meet the QOS, but constraint (14)
ensures m is less than the maximum number of vehicles that
can be stored in the pool. Thus, this program is infeasible if
mmax is too small given the number of subscribers and their
usage patterns.
Program 1: Pool Sizing Integer Program
Inputs:
mmax : the maximum size of the pool
 : desired QOS
Decision Variables:
m ∈ N : the number of vehicles to store in the pool
Objective:
min m

(12)

Subject To:
p(b|m) < 
m ≤ mmax .

(13)
(14)
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Program 1, despite being an integer program, is solvable
in O(T S log m ), where T is the time it takes to compute
p(b|m) according to which of the three methods is being used,
and m is the optimal solution, using Algorithm 2 as follows.
First, during the bracketing phase, we keep doubling the pool
size mH , until p(b|mH ) ≤ . We also maintain the previous
m value before this threshold is reached, which is denoted by
mL . Thus, we find a smaller interval (mL , mH ] than [1, S], in
which m lies. This process is logarithmic in m because we
grow mH at an exponential rate; hence, during the bracketing
phase, in the worse case, we compute p(b|m) log m∗ times.
When this procedure terminates, mL < m ≤ mH . We then
use binary search on the interval (mL , mH ] to find m .3 Binary
search is logarithmic in the width of the interval, which is
at most m − 1. The worst case is when mH = m − 1 and
is doubled, giving us mH − mL = (2m − 2) − (m − 1) =
m − 1. Therefore, we compute p(b|m) another log m∗ times
during the search phase. Thus, Algorithm 2 is in O(T S log m ).
Note that, if m is close to S, this algorithm has slightly worse
runtime than standard binary search on the interval [1, S], which
has a worst case runtime of T S log S. However, m will usually
be much smaller than S.
Algorithm 2: Solution to Program 1
1: mL , mH ← 1
2: while p(b|mH ) >  // Phase 1: Bracketing
3:
m L = mH
4:
m H = 2 ∗ mH
5: while 1 // Phase 2: Binary Search
6:
mM ← (mL + mH /2)
7:
if p(b|mM ) ≤  then mH ← mM else mL ← mM
8:
if mH − mL ≤ 1
9:
if mH ≤ k then return mH else return “Infeasible”

IV. DYNAMIC R ESIZING
If a strict QOS does not need to be statistically guaranteed, a pool can be resized over time as actual demand is
observed. Here, we present a dynamic resizing algorithm that
does not rely on historical data and does not make assumptions
about subscriber behavior. This method differs from the three
previous methods in three ways: 1) it does not statistically
guarantee a QOS; 2) m is not static, i.e., it changes over time as
subscribers arrive to the pool; and 3) it does not use Program 1
to set m. This method is motivated by the algorithm used
for transmission control protocol (TCP) congestion control:
additive increase multiplicative decrease [44]–[46]. In TCP
congestion control, a sender begins with a small window size,
i.e., the number of packets they could have sent and are waiting
to receive an acknowledgment for at any time. The sender then
increases their window size by α ∈ N repeatedly (“additive
3 p(b|m) is monotonically decreasing with increasing m; hence, we can create an array [p(b|mL ), . . . , p(b|mH )], which is naturally sorted in decreasing
order. We can then use binary search to find the minimum index, such that
p(b|m) < . We do not need to compute all the values of this array; however,
we only need to work with the boundaries and midpoint at each step.

increase”) until it is too large and a packet loss is observed
due to network congestion. At this point, their window size is
multiplied by a fraction β ∈ (0, 1) (“multiplicative decrease”),
at which point the process repeats.4 This results in a sawtooth
curve that converges to the optimal size if α and β obey5
[45], [46]
0 < α < pool size, α ∈ N
0 < β < 1.

(15)
(16)

Here, we take the opposite approach and propose a lineardecrease–multiplicative-increase resizing algorithm. Suppose
the initial size of a pool is m = T CPin , where m = T CPin
is set using a reasonable guess. If no subscribers are blocked
after y subscriber arrivals, the pool is resized to m = m − α,
where α obeys (15), which simply states that the pool size
is not reduced to zero. This process repeats until a subscriber
arrives to an empty pool, which is analogous to a packet loss.
At this point, the pool size becomes m/β, where β obeys (16).
Note that y controls the convergence rate at the risk of a larger
number of unserviced subscribers. This value should be made
small if we wish to reduce the pool size as fast as possible at
the risk of a larger number of unserviced subscribers, or large if
we wish to limit the number of future unserviced subscribers.
V. E VALUATION
To evaluate our sizing methodologies, we use reservation
data from a local car share (see Section V-A). We use the three
primary performance metrics used to evaluate car shares (see
Section V-B) to evaluate our sizing methods. We present our
methodology in Section V-C and our results in Section V-D.
A. Data Set
We use data from a local car share, i.e., Community Carshare
[47], to evaluate our sizing methodologies. The data set is
composed of all reservations made with all share vehicles
since the reservation system was put into place in early 2005.
The data set is composed of seven years of reservations and
spans from March 2005 to October 2013. There are 51 223
reservations in the data set, each detailing the start time and
end time of the reservation, as well as the distance driven in
kilometers. Fig. 2 shows the number of “active” members over
time; for each time t on the x-axis, the y-axis shows the number
of unique members who made at least one reservation within
the past year of t, which we use as a proxy for the number of
active members at any given time.
B. Performance Metrics
We evaluate our methods using the same three metrics that
car shares use to evaluate their business.
• M2V is the number of subscribers for each vehicle in the
pool.
4 In

TCP Reno congestion control, α = 1, β = 0.5.
is true if all senders use the same values for α and β [45], [46].

5 This
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TABLE I
N OTATION R EFERENCE TABLE

Fig. 2.

Active members versus time.

• Utilization is the percentage of each day that the average
pool vehicle is occupied by a subscriber.
• Availability is the percentage of served requests (1 − ).
The goal is to maximize all three simultaneously; however,
while a higher M2V ratio leads to a higher utilization, it also
leads to lower availability. For comparison, we report available
performance metrics for rental agencies and car shares. Existing
car shares and rental companies have traditionally both aimed
to maximize utilization at the expense of availability, because
profit is directly proportional to utilization. For the BEV pool
application, however, availability may be essential to profit, i.e.,
advertising high availability would help sell more BEVs.
1) Utilization: Utilization data for car shares are limited.
City Carshare [19] reports that the world’s oldest and most successful car share, i.e., Mobility Switzerland, has now achieved
a utilization of almost 40%. Autoshare and Flexcar report
utilizations of 20%–30% [31]. Rental vehicle operations have
much higher utilizations than car shares. Most rental companies
do not require a membership to rent a vehicle; hence, their pool
of potential renters on any given day is potentially “infinite,” as
compared to a car share with known subscribers. Consequently,
the total number of requests is greater, as is the probability of a
request during off peak hours (simply due to the larger number
of total requests); hence, rental agencies can perform scheduling to maximize utilization. Rental vehicle utilizations of 65%
or higher are considered standard [48]–[52]. In 2012, Hertz,
which is one of the worlds’ largest rental vehicle companies,
reported a utilization of 67% [52]. The article “How To Run A
Car Share” supports these numbers, stating that a successful car
share has a utilization of 20%–40%, whereas a successful rental
agency has a utilization of double that [53].
2) M2V Ratios: Shaheen et al. report that, in U.S., car shares
had M2V ratios of 37 : 1 in 2006 [30] and 49 : 1 in 2008 [29].
Interestingly, Canadian shares have lower M2V ratios; as of
2008, Canadian car shares had an average of 24 : 1 [29]. Zipcar
reports the 2012 M2V ratio of nearly 50 : 1 [54]. The M2V ratio
metric does not apply to rental agencies because membership is
not required to rent a vehicle.
3) Availability: Both vehicle sharing and vehicle rental
availability data are limited. In an early study in 1998,
Shaheen et al. [26] reported that the world’s most successful
car shares aimed for an M2V of 15–20 : 1, which led to an
availability of 95%, i.e., a value of  = 0.05. Brook [32] also
states that “a M2V ratio of 20 : 1 provides the best balance
between utilization and availability for a car share,” but does
not give an availability target. We could not find any vehicle
rental availability data.

C. Evaluation Methodology
Here, we describe our data set sampling methodology and
the parameters computed for each method. For our discussion,
we abbreviate each of our sizing methodologies, i.e., we refer to
the binomial based method (see Section III-A) as BIN, the ELM
based on subscriber surveys (see Section III-B) as ELMS , the
ELM that uses the data set (see Section III-C) as ELMD , and
the dynamic resizing method (see Section IV) as TCP (since it
is based on TCP congestion control).
1) Bootstrapping: We use random bootstrapping with replacement [55] and cross validation to evaluate our sizing
methodologies as follows. We perform I iterations. On each
iteration, half of the data set is selected at random. This half,
which is known as the training set, is used to compute parameters needed for the sizing methodologies (with the exception
of TCP; see Section V-C3). The other half, which is known as
the test set, is used to evaluate the performance metrics (M2V,
utilization, and availability) for each sizing methodology. After
each iteration, the entire data set is sampled again in the same
fashion (hence with replacement). Thus, we obtain a total of I
samples of the three performance metrics. Bootstrapping treats
each performance metric as a sampling statistic. We therefore
obtain a total of I values for each of these sampling statistics
and, thus, are able to compute confidence intervals.
2) Input Configuration: The following parameters in Table I
needed for various sizing methodologies are given as input: ,
K, |K|, T CPin , α, β, and y. Moreover, for ELMS , the number
of daily chunks and the length of each chunk are given.
3) Training Parameters: During each sampling iteration,
the following training parameters are computed from the training set. For all methods, we compute S, i.e., the number
of subscribers, and for all methods except TCP, we compute
m s.t. p(b|m) <  (for TCP, m is not a constant). For BIN,
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we compute p(a) as the mean probability that each subscriber
needs a vehicle on a given day. Using the terminology defined in
Section III-B5, the probability that subscriber i needs a vehicle
on a given day is ωi , which represents “i arrives once every
ci days,” or, alternatively, “the probability
 i arrives on a given
day is ωi ”; hence, we compute p(a) = P
i=1 ωi /P . For ELMS ,
each subscriber’s MST and MTT are computed from their
reservations. Then, nB , 1/μ, and 1/λB are computed based
on the input parameters (discussed in the prior section and the
methodology in Section III-B). For ELMD , we first compute
AB , using a sliding window according to K, and then 1/μ and
1/λB . There is no training for TCP.
4) Performance Metric Computation: We now describe how
we compute the performance metrics. During each iteration, the
test set is used to compute a stream of arrivals and departures
referred to as an arrival departure stream (ADS). We form two
lists containing the sorted times of all arrivals and departures
(departure refers to a member returning their vehicle) seen in
the test set. These two lists are then merge-sorted into one
stream. When there is a tie, i.e., an arrival and departure both
occurring at the same date and time, we assume that the arrival
comes first. This results in one stream of arrivals and departures.
For BIN, ELMS , and ELMD , the pool size m is computed
during the training phase. During each iteration, we replay
the ADS for these three methodologies using Algorithm 3.
Availability is computed as 1 − blocked/size(ADS). To compute utilization, the out array is used to compute a Riemann
sum; the value of each element in the array (the number of
vehicles out at that time) is multiplied by the length of time
between each array element, and these values are summed. This
gives the total number of “utilized vehicle-hours.” This number
is then divided by m∗ (duration of test set), which represents
the maximum number of vehicle hours possible, assuming that
every vehicle was always out, giving us the percentage of
time that each vehicle is used. Finally, we annotate each rental
reservation in the data set with the number of active members
at that time. This allows us to compute the average number of
pool subscribers M . This can be seen as horizontally sampling
half the values in Fig. 2. We then compute the M2V as M/m.

Algorithm 3: Replay ADS
1: // out array tracks the number of vehicles out of the pool
2: blocked_count, out[0] = 0
3: for i in range [0, len(ADS))
4: if ADS[i] == “Arr” and out[i − 1] < m // not blocked
5:
out[i] = out[i − 1] + 1
6: else if ADS[i] == “Arr” // blocked
7:
out[i] = m, blocked_count + +
8: else out[i] = max(0, out[i − 1] − 1) // departure

For TCP, we use the same algorithm, with a few modifications. First, whenever there is a blocked subscriber, the pool
size is increased by dividing by β < 1. Moreover, the number
of nonblocked arrivals since the last block is tracked, and once
this counter reaches y, m decreases by α, and this counter is

Fig. 3. Light gray area la represents the number of cars out over time. The
m line shows the pool size for any of the first three methods. Utilization is
computed as la/(area of m rectangle). The dark gray area da represents the
changing TCP pool size. TCP utilization is computed as la/da.

Fig. 4. Black distribution shows the probability of a specific number of
vehicles being out of the pool. The gray distribution shows the cumulative
distribution function.

reset. Since the pool size for TCP varies (m is not constant like
the other three methods), utilization and M2V are computed
differently. We compute a Riemann sum of the out array, as for
the other methods, and further keep track of the changing TCP
pool size to compute a similar Riemann sum. Finally, we divide
the former by the latter to compute utilization. The utilization
computations are illustrated graphically in Fig. 3. We compute
the M2V for TCP by dividing M by the average of the changing
TCP pool size.
5) Overall Versus Busy Period Utilization: In the following
section, we present results for the three performance metrics
(M2V, utilization, and availability). We compute utilization and
availability across the entire data set, rather than within busy
periods. We take this approach for two reasons. First, we conclude from the literature discussed in Section V-B that, while
car shares are nonstationary and thus experience higher demand
during busy periods, overall utilization and availability are still
the key performance metrics that determine profitability. Busy
period utilization and availability affect the overall QOS, but
our sizing methods consider this: by sizing for busy periods,
our advertised QOS is always met. Second, we experiment
with different analytical methods that size according to different
busy periods. Overall utilization and availability metrics are
comparable across methods, but metrics reported within the respective busy periods would not be easily comparable because
the methods use busy periods with different lengths and they
occur at different times.
D. Results
The results of our numerical evaluation are shown in Figs. 4
and 5. In Fig. 5, the notation D(·) indicates that · is the length
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Fig. 5.

Comparison of achieved performance metrics.

of the historical single busiest period the pool is sized for. S(·)
indicates that · is the set of daily chunks used; each number
gives the start time of a new chunk. For example, S(0, 8, 18)
indicates three daily chunks: [12 A . M .–7:59 A . M .], [8 A . M .–
5:59 P. M .], and [6 P. M .–11:59 P. M .]. The TCP notation is in the
form (α, β, y, T CPin ). The QOS  = 0.1, corresponding to a
busy period availability target of 90%. All confidence intervals
are normal 99% intervals over I = 100 iterations.
We make three related observations from the results, followed by a comparison of each sizing method in Section V-E.
First, we see that the car share used for our case study has
rare but very high peak periods. As shown in Fig. 4, the
average number of vehicles out at any time is approximately
three, but the peak of nearly 30 is ten times larger. Because
the busy period demand is much greater than the average
demand, and because these periods occur rarely, the busyperiod-sizing methods lead to a very conservative sizing. Sizing
to meet 90% of all busy period arrivals leads to a 99% overall
availability, i.e., a high QOS, but this comes at the cost of
lower overall utilization. Unfortunately, we cannot solve both
problems using a static sizing method, i.e., either we allow
for a low QOS during busy periods or we suffer from lower
overall utilization. The dynamic sizing method, i.e., TCP, solves
this problem. TCP outperforms all other methods because it
can increase the pool size during periods of high demand and
decrease the pool size during periods of low demand. This
allows for a high QOS, during busy periods, and a relatively
high overall utilization. Moreover, it provides high availability
in practice, although it does not guarantee any QOS. Finally,
we see that the best performing non-TCP method is S(0), i.e.,
it has the smallest pool size, the highest M2V, and the highest
utilization. This supports our previous discussion; ELMS (0)
performs better than the other methods because it sizes for the
average day6 instead of sizing for busy periods. We further note
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that S(0) and TCP achieve a utilization in the range of other
successful car shares, as previously discussed.
We briefly detail the reason for variability in the performance
metrics. As discussed in Section V-C1, we sample the M2V,
utilization, and availability distributions I times to compute
confidence intervals. In each iteration, the subscribers seen
in the test set differ, which causes m, as determined by the
sizing methods, to vary. Moreover, M varies with each test
set. These two factors contribute to the variance in M2V,
which are shown as horizontal error bars. During each iteration, the ADS also differs, which leads to different computations of availability and utilization because the Riemann sums
change. The computations of utilization and availability also
vary as the pool size varies; hence, the vertical error bars on
utilization and availability reflect all of the aforementioned
variations.
E. Method Comparison: Advantages and Disadvantages
BIN offers the highest availability, but at the expense of
an increased pool size and decreased utilization. It should be
used if the pool demands very high availability and pool size
(hence cost) is not a concern. It still determines a pool size
much lower than the number of members; thus, it is still better
than the simplest approach of sizing with one vehicle per
member.
ELMS is the most mathematically complex method, but it
is also the most versatile. Configured with a set of daily time
periods, it can statistically size the pool for busy periods of
any length, according to a desired QOS, and only requires a
simple customer survey. Moreover, it can be “transformed”
into a nonbusy-period-sizing method when configured with
a parameter of 0 to size for the average day, which we
have shown to work well for pools with rare high-demand
periods.
ELMD , although it is the most “informed” method (it uses a
mobility data set for training), does not outperform ELMS . This
suggests that a simple survey suffices for the sizing problem.
TCP requires no data and no training, yet outperforms all
other methods. However, it may be problematic to implement
in practice, i.e., constantly adding and removing vehicles from
a pool, particularly in large numbers, may not be economically
feasible. However, this method may work well in a multipool
environment (left as future work), where vehicles can be moved
between several pools owned by the same entity. As demand in
various pools change, vehicles can be moved between pools to
provide the system-wide high availability, utilization, and M2V,
without having to constantly buy or sell vehicles.
VI. F UTURE W ORK
We suggest three avenues to address our work’s limitations.

6 Under

the parameter of 0, S(0) states that there is only one daily chunk
starting at midnight that lasts 24 h. Thus, the probability that each subscriber
arrives during any daily busy period is the same as their probability of
arriving on any day. Specifically, ts [B] in (2) is 1 (the whole day is the busy
period); hence, each subscriber s’s busy hour weight p(s, B) = ωs , i.e., their
probability of arrival on any day. Thus, the pool is sized according to the
average day.

• Let Fi : R → R be a function that denotes subscriber i’s
disutility derived from a specific value of p(b|m), i.e., the
QOS of the pool. Subscribers’ disutility of driving to an
empty pool may increase nonlinearly, perhaps exponentially, as p(b|m) increases. Consider modifying Program 1
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by removing constraint (13) and modifying objective
(12) as

 S

Fi (p(b|m)) .
(17)
arg min
m

i=1

This formulation minimizes subscriber risk, instead of
forcing an explicit QOS . Exploring this alternative formulation may be a fruitful avenue for future work.
• In this paper, we have focused on sizing a single pool.
However, the problem becomes more complex when multiple pools are owned by the same entity, allowing for
vehicles to be moved between the pools according to
demand. New sizing methodologies may be needed for the
multipool case to model the sharing of vehicles between
pools.
• We have not taken pricing into account. The price of
the pool depends on the pool size m; thus, it may be as
important as . Future work would be to size a pool using
a multiobjective optimization program.
VII. C ONCLUSION
Prior work has not studied sizing finite-population vehicle
pools with nonstationary demand. Vehicle demand varies with
time of day and time of year, and moreover, many pool applications have a finite population; hence, there is a need for such
sizing methodologies. We propose four such methods. Three
of them size to meet a QOS . Our fourth method, although it
does guarantee a QOS, requires no data or training, performs
well, and still offers a high QOS. We further show that each of
our methods has advantages and disadvantages, with respect to
various performance metrics.
Regarding our main application of interest, we note that
there are several advantages for potential BEV buyers and BEV
dealerships of offering this pooling service.
• Integrating this service into dealerships significantly reduces subscribers’ transactional cost. Dealerships could
collect all subscribers’ information at the time of purchase,
so that subscribers need not fill out paperwork each time
they obtain an ICV. Moreover, because the subscription
is offered by the dealership, subscribers would not have
to compare the price of several rental vehicle agencies to
determine the cheapest option.
• Dealerships can internally compute the cost of this service
and amortize this cost into the price of their BEVs. The
service can then be sold as “free” to potential customers,
which would appeal from a marketing perspective.
• Dealerships already maintain a pool of vehicles for customers awaiting repairs for their vehicles; thus, our approach does not impose any radical changes to current
practices.
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